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Abst ract - - In  this note, we consider a class of two-point boundary value problems involving a pa- 
rameter in one of the boundary conditions. We shall show that if we know the solution corresponding 
to  a particular value of the parameter, then the solution for any other value of the parameter can be 
obtained by a simple algebraic method. 
Consider the boundary value problem comprising nonlinear coupled differential equations involv- 
ing the functions yi(z), i = 1, 2, . . . ,  m, defined over the semi-infinite interval, 0 < z < c~, 
. . . . . .  , Ym,Ym, . . . ,YL  "~) -0 ,  j - -1 ,2 ,3 , . . . ,m,  (1) 
and the boundary conditions 
y~P'k)(0) = 0, pik = O, 1,2, . .. ,pi, pi + qi = ni, i>_2, 
u~q'~)(oo) = o, qi~ = o, 1 ,2 , . . . ,  qi, (2) 
y[Pak)(0) -- 0, Plk = 2, 3 , . . .  ,Px, Pl -k ql : n l  -- 1, 
y~qak)(OO) --  0, qlk -" 0, 1 ,2 , . . . ,  ql ,  
(1 - k)yl(0 ) - -  kyll(O) "- 1, k > 0, (3) 
where k is a given parameter and the primes denote differentiation with respect o z. 
In general, if one wants to compute the solution of the boundary value problem for different 
values of k, then the whole computation has to be repeated for each value of k. However, there 
is a class of boundary value problems of the above type where the solution for a particular case 
of k, say k0, can be used to compute the solution for any other value of k. 
Let the differential equations (1) be invariant under the transformation. 
1 
z* = Az ,  y~[ (z*) = -~,y i ( z ) ,  i = 1 ,2 , . . . ,  m, (4) 
where Ni are certain integers and A is a positive real number. The homogeneous boundary 
conditions are obviously invariant under the transformation (4). 
If Yi (k0;z), i = 1,2,... ,m, is the solution of the boundary value problem (1)-(3) for k = k0, 
then the solution yi(k; ~:), i = 1, 2, . . . ,  m, for any k, is given by 
yi(k;z)  = 1 ( z ) u, k0; ] , (5) 
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where A is the positive root of the polynomial equation 
A ~+1 - (1 - k)yl (ko; O)A + ky~ (ko; 0) = 0. (6) 
The cases of k = 0, 1 and oo have special significance. They denote the boundary conditions 
yl(0) = 1, yi(0) = -1  and yl(0) + yi(0) = 0, corresponding to the Dirichlet boundary condi- 
tion, Neumann boundary condition and radiation boundary condition, respectively, in thermal 
problems. The values of A for a transition from one case to the other are given in Table 1. 
Table 1. Values of A for the transit ion. 
m 0 
m0 
0 1 
1 [Yl (1; 0)] 1/Na 
oo M(oo;o)]l/m 
[ -yl  (o; o)] 1/(NI+I) 
1 
[y1(oo;0)11/(N~+~) 
-vi(o;o) 
1 
1 
We shall now give some examples of the class of boundary value problems discussed above. 
THIRD-ORDER SYSTEM. The boundary value problem 
2yl " + (a + 2b + 1) YlY2 - 2ayly~ = O, 
y~-y l=0,  
vx(oo)=v2(o)=o, 
(1 -k )yx(O) -ky i (O)=l ,  k>_O, 
(7) 
(8) 
(9) 
(10) 
where a, b and k are constants, occurs in the study of free convection adjacent to a vertical plate 
(b = 0), and to a slender cone (b = 1) embedded in a saturated porous medium [1-4]. It can be 
seen that equations (7)-(9) are invariant under the transformation (4), with N1 = 2 and N2 = 1. 
If we know the solution for k = 0, then the solution for any k is given by 
1 (A)  1 (x )  
vl(k; )= vl 0; , 0; 7 , (11) 
where A is the positive root of the cubic 
A a -  (1 -  k)A+ky~(O;O)=O.  (12) 
FOURTH-ORDER SYSTEM. The boundary value problem 
3y 7 + (a + 3b + 1) YlY2 - 3ayxy~ = O, 
3Y2 " + (a - 2) xy~ + 3ayl = O, 
vl(oo) = w(o)  = = 0, 
(1 - k)yl(0) - kyi(O ) = 1, k > O, 
(13) 
(14) 
(15) 
(16) 
where a, b and k are constants, occurs in the study of two-dimensional (b = 0) and axisymmetric 
(b = 1) free convection on a horizontal surface embedded in a porous medium [2,5-7]. The 
equations (13)-(15) are invariant under the transformation (4), with N1 = 3 and N2 = 1, and 
the solution for any k is given by 
Yl(k; ~) -" ~-~Y l  0; 7 , y2(k;x) = "~Y2 0; 7 , (17) 
where yi(0; x), i = 1, 2, is the known solution for the case of k = 0, and A is the positive root of 
the quartic 
A 4 - (1 - k)A + k yi(0;0 ) = O. (18) 
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FIFTH-ORDER SYSTEM. The boundary value problem 
3 i _- buiI + (a + )UlU  - O, 
3" " 2(a + 1) (y~)U + Yl ---- 0, y2" + (a + )Y2Y2 - 
Y1(c¢) ---- y2(0) ---- y~(0) ---- y~(c¢) ---- 0, 
(1 -k )  yl(0 ) -ky i (O  ) = 1, k >_ O, 
(19) 
(20) 
(21) 
(22) 
where a, b and k are constants, occurs in the study of free convection adjacent o a heated vertical 
plate in a viscous med ium [8]. The equations (19)-(21) are invariant under the transformation (4), 
with Nx = 4, N2 = 1. The solution for any k is given by 
1 (0 ;A)  1 ( z )  (23) yl(k; x) --- ~'~Yl , Y2(k; x) -- ~Y2 0; 7 , 
where A is the positive root of the quintic 
A s - (1 - k )A  + k yi(0; 0) = 0. (24) 
S IXTH-ORDER SYSTEM. The boundary  value problem 
5b y~1 + (a + 3) Y~Y2 --  5a YlY2 ---- 0, 
(2a 1) [2y3-(y~) 2] -~-(2-a)~y I 5 Y2111 + (a + 3) y2y~ I + + = 0, 
y~ + yx = O, 
I 0 1oo  ) )=U3(  
(1 -k )  y l (O) -kYt l (O)  = 1, k >_ O, 
(25) 
(26) 
(27) 
(2s) 
(29) 
where a, b and k are constants, occurs in the study of free convection on a heated horizontal plate 
in a viscous medium [9]. The equations (25)-(28) are invariant under the transformation (4) with 
N1 = 5, N2 = 1, N3 = 4. The solution of the boundary value problem is given by 
1 1 , 
yl(k; x) ---- ~Y l  0; , y2(k ;x ) - -  ~Y2 0; , y3(k ;x ) -  ~-~Y3 0; , (30) 
where A is the positive root of the equation 
A 6 - (1 - k )A  + k yi(0; 0) = 0. (31) 
The earlier authors dealing with thermal problems have considered independently the cases of 
prescribed temperature  (k = 0) and prescribed heat flux (k = 1). The transformations considered 
here can be used to reduce the t ime of computat ion considerably. 
REFERENCES 
1. P. Cheng and W.J. Minkowcyz, Free convection about a vertical plate embedded in a porous medium with 
application to heat transfer from a dike, J. Geophys. Res. 82, 2040-2044 (1977). 
2. P. Cheng, Constant surface heat flux solutions for porous layer flows, (Lett.) Heat Mass Transfer 4, 119-128 
(1977). 
3. P. Cheng, T. Le and I. Pop, Natural convection of a Darcian cone, Comm. Heat Mass Transfer 12,705-717 
(1985). 
4. G. Ramanaiah and G. Malarvizhi, Unified treatment of non-Darcy regime mixed convection on vertical plate 
in saturated porous media with lateral mass flux and variable temperature or heat flux, Acta Mech. 81, 
191-200 (1990). 
5. P. Cheng and I. Chang, Buoyancy induced flows in a saturated porous medium adjancet o impermeable 
horizontal surfaces, Int. J. Heat Mass Transfer 19, 1267-1272 (1976). 
6. P. Cheng and W.C. Chau, Similarity solutions for convection of ground water adjacent o horizontal imper- 
meable surfaces with axisymmetric temperature distribution, Water Resour. Res. 13, 768-772 (!977). 
7. G. Ramanalah and G. Malarvizhi, Non-Darcy axisymmetric free convection on permeable horizontal surfaces 
in a saturated porous medium, Int. J. Heat Fluid Flow 12, 89-92 (1991). 
8. H. Schlichting, Boundary Layer Theory, McGraw-Hill, New York, (1968). 
9. G. Ramanalah, G. Malarvizhi and J.H. Merkin, A unified treatment of mixed convection on a permeable 
horizontal plate, Warme and Stoffu. 26, 187-192 (1991). 
